
Euler-Maclaurin Formula

Here is a slowly convergent series: S =

∞∑
k=1

sin(
√
k)

k

Several Calc-50 example pages mention that the sum key on screen 7 sometimes uses the Euler-Maclaurin

formula to get high-accuracy approximations for sums.

The sum key cannot handle this series, because the sum key needs the signs of the terms to be either all

the same or strictly alternating. This series has groups of several positive terms followed by several negative

terms.

If we can compute the Euler-Maclaurin approximation “by hand”, we might be able to get around this

problem. Here is one form of the Euler-Maclaurin formula:

b∑
k=a

f(k) ∼
∫ b

a

f(x) dx +
f(a) + f(b)

2
+

∞∑
k=1

B2k

(2k)!

(
f (2k−1)(b)− f (2k−1)(a)

)

This says the expression on the right is an asymptotic approximation to the sum. The sum on the right

involving Bernoulli numbers and derivatives of f may not converge, but for a fixed number of terms in that

sum, as a gets larger the accuracy improves for the right side as an approximation to the sum on the left.

Since f(x) oscillates between positive and negative values infinitely often from a to infinity, the Calc-50

integration function cannot evaluate this integral automatically. Here we can use extrapolation to compute

the integral, as in the “Oscillating Integrals” page.

For the S sum we have f(x) = sin(
√
x)/x, and in the asymptotic formula we want b→∞, making f(b) and

the derivatives f (2k−1)(b) negligible. This gives

∞∑
k=a

sin(
√
k)

k
∼
∫ ∞
a

sin(
√
x)

x
dx +

sin(
√
a)

2 a
−

∞∑
k=1

B2k

(2k)!
f (2k−1)(a)

We need for a to be fairly large in order to get the asymptotic approximation to be accurate enough, so

we will choose a = 100,000. This means the Euler-Maclaurin approximation will estimate the S sum from

100,000 to infinity, and we will explicitly add the first 99,999 terms.

S =

∞∑
k=1

sin(
√
k)

k
≈

99,999∑
k=1

sin(
√
k)

k
+

∫ ∞
100,000

sin(
√
x)

x
dx +

sin(
√

100,000)

200,000
−

10∑
k=1

B2k

(2k)!
f (2k−1)(100,000)

The first and third terms are straightforward, and extrapolation should get the integral. The final sum will

be limited to k ≤ 10 since Calc-50 provides derivatives only up to 20th order. Checking these 10 terms gives

−6.36e–10, −2.76e–17, . . . , −1.78e–67, −1.20e–74.

This suggests that even after restricting the last sum to 10 terms we should still be able to get over 50 digits

correct for S.
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(a) First and third terms

Define f1 to be sin(
√
x)/x.

f1: 1, sto, 1, func,
√

x, sin, 1, rcl, /

Compute the sum of the first 99,999 terms and add sin(
√

100,000)/200,000. Store the result in register 11.

30, fix, 7, func, 1, enter, 99999, enter, 1, enter, 1, sum, 1, func, e5,
√

x, sin, 2e5, /, +, 11, sto

1.718673564795355719314505841366

(b) Integral

As in the “Oscillating Integral” page, make a sum by adding the integrals from one root of the function to

the next, then extrapolate. The nth positive root is when
√
x = nπ, so x = (nπ)2. The first root larger than

100,000 is x = (101π)2 = 100,679.834. . . . Define f2(k) to integrate f1 from ((100+k)π)2 to ((100+k+1)π)2.

f2: 1, func, 2, sto, 100, +, π, *, x2, 2, rcl, 101, +, π, *, x2, 6, func, 1,
∫ b

a

Extrapolate using the first 100 terms of the sum of f2 to estimate the integral from (101π)2 to infinity.

7, func, 1, enter, 1, enter, 100, enter, 2, extr, 12, sto −0.006303040865878601599253527028

Pressing x↔y to see the extrapolation key’s estimated error shows 1.0e–55, so we should have 50 digits

correct for that part of the integral. Get the rest of the integral term by integrating from 100,000 to (101π)2.

Add that to the part above and store the entire integral’s value in register 12.

1, func, 100000, π, 101, *, x2, 6, func, 1,
∫ b

a
, 12, rcl, +, 12, sto −0.003001770722599505782786347804

(c) Final sum

f3(k) computes term k in the sum that has Bernoulli numbers and derivatives.

f3: 2, *, 3, sto, 1, −, e5, x↔y, 1, f (n), 3, func, 3, rcl, Bn, *, 3, rcl, x!, /

Add the first 10 terms, change the sign since this sum is subtracted in the Euler-Maclaurin formula, and

store the result in register 13.

7, func, 1, enter, 10, enter, 1, enter, 3, sum, chs, 13, sto 0.000000000636364798463555999060

Add registers 11, 12, and 13 to get an approximation for S.

11, rcl, 12, rcl, +, 13, rcl, + 1.715671794709121011995275492623
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